Existence and mutiplicity of solutions to elliptic 
equations of fourth order on compact manifolds. 



Mohammed Benahh 



Abstract. This paper deals with a fourth order elliptic equation on 
compact Riemannian manifolds. We establish the existence of solutions 
to the equation with critical Sobolev growth which is the subject of the 
first theorem. In the second one, we prove the multiplicity of solutions 
in the subcritical case. 



1. Introduction 

Let (M, g) be a Riemannian compact smooth n- manifold n > 5 with 
the metric g, we let if|(M) be the standard Sobolev space which is the 
completion of the space 

(M) = |n G C°°{My. ||n||2^2 < +0^} 

with respect to the norm ||n||2 2 = J2f=o ||^'^||2' 

Let H2 be the space endowed with the equivalent norm 

~ ^""112 + II ^""11 2 + 11"" II 2) ^ • 

where, A(n) = —divCVu), denotes the Riemannian laplacian. 
First we investigate solutions of the critical equation 

(1) A^u + V'{a{x)Viu) + h{x)u = f(x) \u\^'^ u 

where a, h and f are smooth functions on M and = is the critical 
exponent. Next, we establish the existence of at least two solutions of the 
subcritical equation 

(2) A\ + V\a{x)Viu) + h{x)u = f{x) u 
where 2 < q < N. 
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The function / involved in the nonUnearity is of changing sign which 
makes the analysis more difficult that the case where / is of constant sign. 

The equation(l) has a geometric roots, in fact while the conformal Lapla- 
cian 

n — 2 

where R is the scalar curvature of the metric g is associated to the scalar cur- 
vature; the Paneitz operator as discovered by Paneitz([10]) on 4-dimension 
manifolds and extended by Branson ([3]) to higher dimensions ( n > 5 ) 
reads as 

fri _ Q'l^ -I- 4 4 r? — 4 

PB,{u) = A^n + div{-^ I ^ R.g + -Ric)du + ^— Q"n 

l{n — \){n — I) n — 2 2 

where Ric is the Ricci curvature of g and where 

nn 1 Ap I n3-4n2 + 16n-16 2 2 , 

is associated to the notion of Q -curvature, good references on the subject 
are Chang [5] and Chang- Yang [6]. When the manifold {M,g) is Einstein, 
the Paneitz-Branson operator has constant coefficients. It expresses as 

PBg = A'^u + aAu + au 

with 

n2-2n-4„ , (n-4)(ra^-4) o 

a = -. :—R and a = — — — — it 

2n(n — 1) 16n(n — 1)^ 

and this operator is a special case of what it is usually referred as a Paneitz- 
Branson type operator with constant coefficients. 

Since 1990 many results have been established for precise functions a, h 
and /. D.E. Edmunds, D. Fortunato, E. Jannelli([8]) proved for n > 8 that 
if A G (0, Ai), with Ai is the first eigenvalue of on the euclidean open ball 
B, the problem 

{A^u — Xu = u |n| in B 
u = ^ = OondB 

has a non trivial solution. 

In 1995, R. Van der Vorst ([12]) obtained the same results as D.E. 
Edmunds, D. Fortunato, E. Jannelli. when applied to the problem 

8 

u \u\ "-4 in Q 
= on dn 

where U is an open bounded set of i?" and moreover he showed that the 
solution is positive 

In ([7]) D.Caraffa studied the equation(l) in the case /(x) =constant; 
and in the particular case where the functions a{x) and h{x) are precise 
constants she obtained the existence of positive regular solutions. 
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In the case of second order equation related to the prescribed scalar 
curvature, that is 

(3) Au + -p^Rn = fu'''-' 

A(n — 1) 

where 2* = A. Rauzy([ll]) stated, in the case where the scalar cur- 

vature R of the manifold (M, g) is a negative constant and / is a changing 
sign function, the following results. 

Let / be a C°° function on M, /- = -inf(/,0), /+ = sup(/,0) and 

ueA Jf^u^dvg 

where A = {u £ Hf{M),u > 0, u^O s.t. f~udvg = O}, 
and = +oo ii A = cf). 

Theorem 1' (critical case) There is a constant C > which depends 
only on j-^ such that if f & C°° on M fulfills the following conditions 

(10 \R\ < 

(2') < C. 

The equation ( 3) admits a positive solution. (R is negative constant and f 
is a changing sign function). 

Theorem 2' (subcritical case) For every C°° function f on M there 
exists a constant C > which depends only on -j-^ such that if f satisfies 

the following conditions 

(1") 1^1 < 
(2") ^-fj^ < C 

(3") sup / > 0. 

Then the equation A.gU + Ru = fu'^~^, q € ]2,2*[ ( R is strictly and f is a 
changing sign function) admits two nontrivial distinct solutions. 

More recently [2] we have extended the work of Rauzy to the case of the 
so called generalized prescribed scalar curvature type equation 

(4) Apu + auP-^ = fu^*-^ 

where p* = ApU = —div{\Vu\^^'^Vu) is the p-Laplacian operator on 
a compact manifold M of dimension n > 3 with negative scalar curvature, 
p G (l,n), u € Hf{M) is a positive function, / is a changing sign function 
and a is a negative constant. Let 

A,= inf%^^ 

ueA J^^ u'fdvg 

where A= {ue H'f{M),u >0,u^0 s.t. ff^f'udvg = O}, 
and A/ = +00 ii A = (f) 



4 MOHAMMED BENALILI 

Theorem 1. (Critical case) There is a constant C > which depends 
only on f~/{J f~dvg) such that if f & C°° on M fulfills the following con- 
ditions 

(i) \a\ < Xf 

(ii) [supf+l J f-dvg) <C 
(Hi) sup / > 0. 

Then the equation (4) has a positive solution of class C^'"(M). 

Theorem 2. (Subcritical case ) For every C°°- function on M there is 
a constant C > which depends only on f~ /{j f~dvg) such that if f fulfills 
the following conditions 

(i) \a\ < Xf 

(ii) {supf+l f f-dvg) <C 
(Hi) sup / > 0. 

Then the subcritical equation 

Apu + auP-^ = fu'i-^ q e ]p,p*[ 
has at least two non trivial positive solutions of class C^'"^(M). 
For a, f , C°° -functions M, we let 

""'^ u&A Jj^ u^dvg 

where A = E H2, u^O s. t. J"^ /~ \u\ dvg = 0} , and 

A/ = +00 if A = ^ 

In this paper we state the following results 

Theorem 3. Let a, h be C°° negative functions on M . For every C°° 
function f on M with [j^ f~ > there exists a constant C > which 

depends only on jj^ such that if f satisfies the following conditions: 

(i) \h{x)\ < Xaj for any x E M 
{ii) jf<C 

the critical equation 

A\ + V*(aViu) + hu = f \u\^~'^ u 

has a solution of class C^'°^, for some a G (0, 1), with negative negative 
energy. 

Theorem 4. Let a, h he functions on M with h negative. For 
every C°° function, f on M with jj^ f^ > 0, there exists a constant C > 

which depends only on -j-p^ such that if f satisfies the following conditions 

(i) \h{x)\ < Xaj for any x E M 

ill) jf<C 
{ill) sup / > 0, 
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then the subcritical equation 

A^u + VHaViu) + hu = f lu]""^ u, q e ]2, N[ 
has at least two distinct solutions of class C^'", for some a G (0, 1). 

2. Preliminaries 

We suppose without lose of generality that the Riemannian manifold 
{M,g) is of volume equals to 1. Since it is equivalent to solve the equation 
(1) with / or «/ ( a a real number 7^ ), we consider the functional Fq 
defined on H2 by 

Fq{u) = \\Au\\l - I a\Vu\^dvg+ [ hu^dvg - [ f\u\'^dvg, qe]2,N[ 
Jm Jm Jm 

and set 

Bk,q = {ue H2{M), \\u\\l = k] 
where k is some constant. Let 

l^k,q= inf Fg{u), 

we state 

Proposition 1. The infimum /Xj. ^ is attained . 
Proof. We have 

(5) Fq{u) > \\Au\\l - \\a+\\^ \\Vu\\l + kl min /.(x) 

—k max f(x). 

where a_)_(x) = max [a(x),0] and \\-\\^ is the supremum norm. 
The following formula is well known on compact manifolds 

II 2 l|2 ii2 f 

V L < l|Au||2 — / RicijVuiVujdvg 
Jm 

(6) <||An||^ + /3||Vn||^ 

where /3 is some constant. As it is shown in ([1] p. 93), for any 77 > 0, there 
exists a constant C{r]) depending on r] such that 



(7) \\Vur^<v\\V'u\\^ + C{v) 
Plugging (6) in (7), we get 

(8) llV-ulla < ?7||An||2 + r?^||Vn||2 + 
and choosing rj such that rj/d < ^, we obtain 

- r 

The inequality(5) reads then 



(9) ||V«||2<2r?||Au||^ + 2C(r?)||n||^ 



Fg{u)>\\Au\\l{l-2n\\a+\U 
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I min /i(a;) — 2C(?7) ||a+|| ) —kmaxfix) 
\xeM J xeM 

and then, with rj small enough, we have 

1 - 277 l|a+lloo = > 

so 

(10) Fg{u)>a\\Au\\l + Ci 

where a is some positive constant and is a constant independent of u. 

Let (uj) be a minimizing sequence of the functional Fg in B^^g-, so for j 
sufficiently large Fq{uj) < ji^ g + 1 and by (10), we get 



|2 ^ 
~ a 

By formula(9) and the fact 



A«,||^<^(/Xfe,, + 1-Ci). 



2 - 

we obtain that ||Vttj||2 is bounded. It follows that the sequence {uj) is 
bounded in H2. Consequently Uj converges weakly in the compact em- 
bedding of H2 in Lq and the unicity of the weak limit allow us to claim that 
there is a subsequence of [uj) still denoted {uj) such that 

Uj — > u strongly in L'^ for any s < N 



and 

Consequently 
and u fulfills 

M 



Vuj — > Vit strongly in 



\u\\h^ < liminf llt/jll^^ 



Fqiu) = f^k,q with ll^xll^ 



Au.Avdvg — / a{x)V^u.V ivdvg + / h{x)uvdvg 
Jm Jm 

-7; f{x)\u\'^'^uvdvg = Xk,q \u\'^~^uvdvg 
^ Jm Jm 

for any v € H2; where A^^^ is the Lagrange multiplier. 

So u is a weak solution of the equation 

(11) A'^u + V'(aVi«) + hu= (^Xk,q + |/) \u\'^~'^ u. 

Using the bootstrap method, we show that u G L^(M) for any s, so 
P{u) = A^u + V*(aVitt) + hu e L^{M) for any s and since P is a fourth 
order elliptic operator, it follows by a well known regularity theorem that 
P{u) e C°'"(M) for some a G (0, 1). Then u G C^'"(M) . □ 

Proposition 2. fj,i. q is continuous as a function of the argument k . 
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Proof. For any k , I E , let u and v be two functions of norm 1 in 

LI such that Fq{kiu) = //^^ and Fq{Uv) = jii ^ . 
Then 

l^l,q - fJ'k,q = Fq{l^v) - Fq{kU) + Fq{kU) - Hk,q 

1 

= Fgikiv) - Hk,q 

- k^l \\Av\\l - a\Vv\^dvg+ hv^dv, 
\ Jm Jm 

-{l-k) [ f\v\UVg. 

JM 



Consequently 



l™inf(^/,g - Hk,q) > Fgikiv) - Hk,q 



and by the definition of g, we get 

(12) lim inf {f^l^g - iik,q) > . 

By writing 

1 i 1 

f^l,q - f^k,q = IJ'l,q - Fq{h u) + Fq{U u) - Fq{k^u) 
= l^l,q- Fq{l~'u) 

- ( ||Au||2 - / a\Vufdvg+ hu^dvg] 
\ Jm Jm ) 



we get 



\l-k) [ f\u\UVg 

Jm 



\imsup{ni q - l^k,q) < 

I— »fe 



and taking into account of (12), we obtain 



□ 



3. Some useful lemmas 

First, we quote the following lemma stated by D.Caraffa in ([7]) 

Lemma 1. Let M be a Riemannian compact manifold with dimension 
n > 5. For any e > there is a constant A{e) such that for any n G 
\\u\\% < K{n,2)^{l + e) ||A'u||2 + ^(e) \\u\\l withK{n,2)-^ = Tr^n{n-4){n? - 

4)r(f)"r(n)-l 
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Let P > the constant appearing in the inequahty (6), a any positive 
real number and C{a) a positive constant as in the inequality (7). Let 
ll^+lloo ~ ni<^x^eAf where a+(x) = max(a(a:), 0), and take a small 

enough so that 1 — c7(||a_|_||^+/3) > 0. Denote also by \\h\\^ = snp^^j^^ 1^(^)1 
the supremum norm. 

As in ([11]), we define the quantities, 

11^^112 -/m^I^^I^^^^^ 



ueA(T],q) 



with 



A{r),q) = \u e H2 : ||u|| = 1, / / \u\^dvg=r]l f dvg\ 
I JM Jm } 



for a real rj > 0, 
and 



y ^ 11^^112 -Jm"I^^I^ 

ueA'{v,q) \\u\\l 



where 



A'{ri,q) = \ueH2: ||u|| = 1, / / \u\Uvg < 7] f dvgl . 

I Jm Jm ) 

The following facts which are proven in ([11]), for the Laplacian operator 

remain valid in the case of the bi-Laplacian operator: A^j^^ is a decreasing 

function with respect to r], bounded by \aj and \aj,ri,q — ^'a f q> ^aj,r),q 

is also a decreasing function with respect to 77, and bounded by Aaj . 

Now, we will study Xa,f,r],q , to do so, we distinguish ( as it is done in 
([11])) the case where the set {x E M : f{x) > 0} is positive with respect to 
Riemannian and the one where the set is negligeable. 

Case meas({x G M : f{x) > 0}) > 

Lemma 2. For any q G ]2, A^[, Xaj,n,q Qoes to Xaj whenever rj goes to 
zero. 

Proof. Xa,f,r],q is attained by a family of functions labelled Vjj^q. The 
functions Vjj^q indexed by 77 are bounded in since 

\Kq\\l < \\Vr,jlVoliM)'-l = 1 

and 

Il^^??,?ll2 ~ ll'^+lloo Il^^??,?ll2 — ^o,J,'n,q Il'^»7,9ll2 

1 1 2 

^ Kf \\'"r,,q\\2 ^ Kf 

By formula(9), for a well chosen e > 0, there is a constant C(£) > such 
that 



so 
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< A/ + 2 ||a+||^ (^e \\AVrj,q\\l + ^i^) WqWfj 

and 

l|A^,,^||2 (1 - 26 ||a+||^) <Xf + 2 \\a+\\^ C{e). 
By choosing e > small enough such that 

l-2£||a+||^>0 

we get that 

||Ai;q,^||2 < C'(A/, ||a+||<^,£) 
where C'{\f, \\a+\\^ ,£) is a constant depending of Xf, \\a+\\^ ,e. 

\NvnJl < 2eC{Xf, ||a+||^ , e) + 2C{e) < C"(A/, \\a+\\^ , e). 

Consequently the sequence {vn,q) is bounded in iJ^and we have 

Vqj^ — ^ weakly in 
Vqr^ — strongly in H2 , r = 0, 1 
Vqr^ — ^ strongly in L'^ 



and 
Also 

On the other hand 
so 

Hence 
and 



\AVq\\l <]hn^^o\\AVqr,\\l 



HWq = 1- 



/ / \Vqr,\'^dVg = r] f dVg 
JM JM 

/ f~\Vq\''dVg = 0. 
JM 

VneA 



uqfdVg 



WVqWlXaJ < \\AVq\\l - / a\VVq 
JM 

<lim^^O (\\^Vqrj\\l- J^a\VVqrj\'^ dVg^ =]mr^^o\\Vqr,\\liXaJ,q,r^) 



and since by construction 

XaJ > XaJ,q,n 

we get that 

rj — >U 



□ 



Lemma 3. Let s > 0, there exists rig such that for any rj < rjg, there is 
Qr] such that Xaj,q,r] ^ Xf — £ for any q > Qr)- 
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Proof. We proceed by contradiction. Suppose that there is a eg > 0, 
such that for any for any rj there exists an r/^ < and for any q^jo there is 
q > q-rio with Xa,f,q,r] < — £. If Vgrj is the function in i^l which achieves 
K,f,q,r] , then 



with lli'gTjIlg = 1. For a convenable r), we choose a sequence q converging to 
N such that 



1 1 2 / 1 2 

I^^ctII2~ / dvg<Xf-So. 

JM 



By the same argument as in the prof of Lemma2, we get that the sequence 
Vqr^ indexed by q is bounded in i/f up to a subsequence Vqrf converges 
weakly to v-q in if| and strongly in H2 , r = 0, 1. We have 



|At;^j|2 < lim 



and by the strong convergence in H2, r = 0, 1 we get 



JM 



By the Sobolev inequality given in the Lemmal we have for any ei > 
there is a constant A{e) > such that 



< 



1 < (i^l + £1) \\AvJl + A{ei) \\vr,\\l 
{Kl + £i)A„j + {Kl + £1) ||a+||^ \\yvr,\\l + A{ei) 



< [{Ki + Ei)il + \\a+\UXaj + A{si)] 



Consequently 



1^^112 ^ 



(if| + £i)(l + ||a+||^)A„j + A(£i)' 
As in [11] we can show that 



I I. 

JM 



q\^ dvg < 1 and 



/ / \vq\^ dvg <ri 

JM JM 



"q] ^^g ^ '/ / / dVg. 
'M 



Consider the sequence of rj such that for any there is a g > such that 

Aa,/,g,r; < A/ - £. 

Now letting the rj converging to 0, if Vq is the sequence corresponding to 77, 

2 - 1 



Vq is bounded in and 



WqWl > 



{Kl + ei){l + \\a+\\J\aj + A{eiy 



so Vq converges weakly to v 7^ in iJ| and strongly to v in H2, r = 0, 1. 
On the other hand 



/, 

JM 



f \v\^ dvg < lim 



*N 



/ / \vq\^ dvg <ri f dvg 
JM JM 
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then Jj^ f \v\^ dvg = and v & A the domain of definition of A/. Hence 



I^^^ll2 -/m«I^^I^^^9 



A contradiction and the lemma is proved. □ 

Case meas {{x e M : f{x) > 0}) = 

First, we give the lemma equivalent to the Lemma[?] 

Lemma 4. For any fixed positive constant R, there exists r]^ such that 
for any rj < rj^, there is fulfilling: for any q > qrj, ^aj,r},q > R- 

Proof. We argue by contradiction. It is easy to show that Xaj,q,r] is 
achieved by a function Vg^r] in -f^l with ||fg,r;||q = 1- Suppose that there is 
'^a,f,r],q bounded when r) goes to 0. Then 

II . ||2 ^ ||2^ ll^^g,>;ll2-||Q+llooll'^^„Jl2 

Il^%»?ll2 - ll«+lloo lr^.,.Jl2 ^ u p 

\rQ„v II2 

and proceeding as in the proof of Lemma2 wc get that the sequence Vg^^) 
indexed by rj is bounded in Consequently the sequence Vq^ri converges 
weakly to Vq in iJ| and converges strongly to Vq in H2 , r = 0, 1, and 
stongly to Vq in as 77 goes to 0. Jj^ f~ \vg\'^ dvg = which implies that 
Vq = almost everywhere and \\vq\\^ = 1 which are in contradiction with 
each other. □ 

Now we give an analogue to Lemma3. 



Lemma 5. There exists an rj^ such that for any r] < rj^ there is such 
that for any q > q^f we have \a,f,q,ri > 

The proof of this lemma uses the arguments as the proofs of the previous 
ones so we omit it. 

Using the lemmas quoted above we establish 

Lemma 6. {%) Suppose that supJ^^ / > and \\h^^ < Xa,f- There exists rj 
such that Xaj,q,,-\\h\\^ = > 0. Letb= 

andf, = inf (6, \\h\\^ + 2 ||a+||^ Cia))suppose that j^f^ < s{\M^+nl\i^cia)) ' 

where and K{n,2), A{e) are the constants appearing in the Sobolev in- 
equality given by (5). For any q G ]2,A?^[; there exists a non empty real 

interval Iq C such that for every u G H2{M) with L'^-norm in Iq we 
, 2 

have Fq{u) > 2^9. 
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Proof. Case sxv£>m / > 0. 
Let u e H2 such that ||u||q = k. 
Putting 

Gq{u) = \\Au\\l - a\Vufdvg+ hu^dvg+ f~\u\'^dvg, 
Jm Jm Jm 

we get 



G,(u)>||Au||^-||a+||^||Vt/||2 



00 II"'II2 



/ 



u\\2 + j f dvg 



and taking account of (8), we obtain that for any sufficiently real a > 0, 
there is a constant C{a) > such that 

Gg{u)>{l-2a\\a+\U\\Au\\l 



So if 



then 



m\oo+na+\\ooC{o))\\u\\i+ j r\<dvg. 

JM 

I f'u'^dvg >r]k f~dvg 
Jm Jm 



Gg{u)>il-2a\\a+\U\\Au\\l 

(13) -(||ft.|U + 2||a+l|^C(c7))||n||^ + r?A; / f'dvg 

Jm 

with £7 > sufficiently small so that 

l-2a||a+|U>0. 
Now since ^ 

Ml < \\u\\^Vol{My~l = fei 

we get 

Gq{u) > k' 



>k-^{\\h\\^ + 2\\a+\\^C{a)) 



+ 2 ||a+||^C(a)) + 77^^-1 / rdvg 

Jm 

rjk^ 9 



+ 2|K|LC7(a)/M^"^^^ \ 



and choosing k such that 



rjk^' 



that is 



we obtain 



k > 



+ 2||a+||^C(a)7M-' ""^^ 

+ 2\\a+\\^Cia 



f-dVg - 1 > 1 



<1 
q-2 



Gqiu)>klmL + '2h+\LC{<T)) 
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IS 



denote by 



+ 2\\a+\\^C{a) 



In the case Jj^ f~u'idvg < rjk Jj^ f~dvg, we have 



1 

q-2 



SO 



||Au||2 - / a\Vu\^ dVg > \aj,q,rj\\u\\l 
JM 

Gq{u) > \f^r),q \\u\\l + / hu^dVg + f 
JM JM 



Ul"^ dVn 



>(Aa,/,^,,-||/l||^)||tx||^+ [ f-\u\Uvg 

JM 

by Lemma[?] and [?] there exists 77 such that 

Aa,/,r,,g- ||/l||oo = > 0. 

Now, putting 6i + 62 = Sg, where 6i and 62 are positive real numbers, and 

1 1 2 

solving ||u||2 in ?? 



I l|2 ^ 



+ 2||a+||^C(a) 



{l-2a\\a+\U\\Au\\l-Gg{u)+ [ /" 

JM 



\u\'^ dVn 



Consequently 



1 + 



+ 2||a+|UC7(a) 



Gq{u) > Si \\u\\l + 



SO 



5i 



+ 2||a+|UC(a)) 2^ 



. + 2||a+|UC(a; 
(52(1- 2(7 ||a+||J 



(l-2(T||a+||J||An||^ 



INoo + 2||a+lloo^^(^) + '^2 \\h\\^ + 2\\a+\\^C{a) + S2 

and where a is sufficiently small and such that 1 — 2||a+||^(T>0. 
Or 

Gq{u) > 



52(l-2a||a+||J 



moo + '^h+\LC{a) + 62) {Kl + . 



52{l-2a\\a^\\JA{e) 



where for any fixed £ > 0, K2 is the best Sobolev constant in the embeding 
of H^{K^) in L«(i?"). 

Taking Si and S2 such that 

•^i + 2\\a^\\^C{a)){Ki + s) ^ ^ 



we get 

61 = 

and 

52 = 



S2{l-2a\\a+\UAie) 

{l-2a\\a+\UA{e) 



+ 2 ||a+|L Cia)) [Kl + e) + {l-2a ||a+||J A{e) " 
. + 2||a+||^C(a))(i^| + e) 



+ 2 ||a+|U C{a)) {Kl + e) + {l-2a \\a+\U A{e) 
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Consequently 

and since 

,+2||a+||^C(a)+52 



,52(l-2a||a+||J 



+ 2\\a+\\^C{a)+S2) {KI + e) 



+ 2||a+|L C(a)) 



1 + 



, + 2\\a+\\^C{a)) (A'| + ,) + (l-2c7| 

{So + ||/i|L + 2 lla+IL C{a)) [Kj + e) + {l-2a \\a+\U A{e) 



we get that 
Gq{u) > 
Letting 
h=- 



, + 2 ||a+||^ C{a)) {Ki + e) + {I - 2a ||a+|U) A{e) 

(l-2a||a+|U)£, 

[{So + \\h\\^ + 2 ||a+|U Cia)) [Ki + e) + (1 - 2a ||a+||^) ^(e)] 

(l-2cT||a+||j£<, 



2 



[{So +\\h\\^ + 2 ||a+|U C{a)) (K| + e) + (1 - 2a \\a+\U A{e)] 



we get 



Jm 



>hk'i — I \u\'^ dvg >hki — ksnY> f = ktih — « sup/) 



M 



So if sup/ > 0, let /X = inf (6, + 2 ||a+||^ (^(o"))- For any k > ki^q, we 

have 



Fq{u) > ki (ij, — k^ 9 sup/) 



and 



provided that 



1 2 



k < 



2 sup/ 
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Now if we put Ca = /,,, ,, ^ — ^ — Trrrr 

^ ^ 8(||/.||^+2||a+||^C{a)) 

we obtain that the inequality is fulfilled provided that 



and suppose that sup f < Cq Jj^ f 



k < 



We put k2,q = 2i-^ki^q. 
Case sup / = 0. 



4(||/i|L + 2||a+||^C(a)) 
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= 2i-^ki„. 



In this case, for any k > ki^q, Fq{u) > kiik 



□ 
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4. Solutions in the critical case 

Now, we are going to investigate solutions of the critical equation. First 
we have 

Lemma 7. For each t > 0, small enough, inf Fq{u) < 0, qe]2,N]. 

In fact Fq{t) <t^ {h- t'?-^) fdvy, where h = maxM h{x), and since 
h < 0, there is to > small enough such that inf Fq{u) < for each 

Il«llif2-* 

te]0,to[. 

Lemma 8. Let u G H2. If the Lq-norm = k goes to infinite, then 
fJ't,q = inf||«||«=fei^g(w) ^ -00 . 

Proof. In fact since sup^^j^ f{x) > let u be a function of class 
with support contained in the open subset {x £ M : f{x) > 0} of the mani- 
fold M such that = 1, then j'^ f \u\'^ dvg > and 

Fq{ku) = k~^( [ ({Auf-a\Vuf + hu'^)dvg-k^ I f\u\Uvg 

\Jm ^ ' JM 

So X\m.k^j^^Fq(ku) = —CO . □ 

Proposition 3. Let a, h be functions on M , with h negative. For 
every C°° function, f on M with f~ > 0, there exists a constant C > 

which depends only on -jj^r such that if f satisfies the following conditions 

(i) \h{x)\ < Xf for any x & M 
{ii) jf<C 

the suhcritical equation 

A'^Uq + \7\aViUq) + huq = f u g witk q(^]2,N[ 

admits a C"^'°, for some a € (0, 1), solution Uq with negative energy. 

Proof. For any q G ]2, iV[ and > 0, let /x^ ^ = 'm.i\\^^]q=kFq{u). First 
we remark that if A; is close to 0, A; > 0, /x^, ^ < : indeed 

l^k,q < Fq(k^) = kU f hdVg - k'--^ f fdVg] < 0. 

\Jm JM J 

By proposition(2) the curve k — »• jij^ q is continuous and ^ goes to , when 
A; ^ 0. So by Lemmas (6), (7) and (8) the curve k — > ^^ q starts at 0, takes 
a negative minimum, say at fc^, then takes a a positive maximum and goes 



to minus infinite. Let Iq = ki^q 
of the interval Iq given in the proof of Lemma(6), then 



^||fe|U+2||a+||^C(^)- — 



^ the lower bound 



Uk n = inf Fq(u). 



\\y-\\l<ii 
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By proposition(l) the infimum /Ltfcg^g is attained by a function Vg G H2 with 
hqfq = kq ,so 

\m\qS'-q 

Now since for any k G /g, and any u E H2 with ||it||^ = k, Fq{u) > 0, it 
follows that kq <lq. So Vq is a critical point of Fq , that is for if e H2 



AvqAifdvg — / aVvqVipdvg+ 

M Jm 

/ hvq(pdvg - I / / \vq\'^~'^ vqipdvg = 
Jm ^ Jm 

1 

then Uq = {^)''~^Vq is a weak solution of the subcritical equation with neg- 
ative energy such that 



'1 - ^2' 

Moreover, arguing as in the proof of the proposition(l), Uq G C^'"(M) with 
aG(0,l). □ 

Finally, we seek for a solutions of the critical equation. Mainly we state 

Theorem 5. Let a, h he C°° functions on M with h negative. For every 
C°° function, f on M with Jj^ f~>0, there exists a constant C > which 

depends only on -j-pr such that if f satisfies the following conditions 
{i) \h{x)\ < Xf for any x G M 

the critical equation 

(4.1) A'^u + V\aViu) + hu = f\u\^'^u 

admits a C^''*, for some a G (0, 1), solution u with negative energy. 

Proof. Let {uq)q be the sequence of subcritical solutions of the equation 
[?] .We have already shown in the proof of Proposition [?] that 



I Uq — kq < Iq 



o + 2||a+ILC'(a) 

Vluf'^Vg 



9-2 



and since Iq goes to In = 2 ^^^^^°^|^^^^;'^^;^'"^°"'' " as g goes to N, {uq)q is 
bounded in L*, so it is in and since Uq are of negative energy then 

ll^'Uqllo ^ / a\S/u'^dVg— I hUq+ / f \Uq\'^ 



JM Jm Jm 

<IKiui|Vu,||^ + ||/i||^IKi|^ + 11/11^ IKil^. 

Now since for any a > 0, there exists a constant C(cr) such that 
||Vng||2 < 2a \\Auq\\l + 2C{a) \\uq\\l 
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wc get 

(1 - 2a \\a+\U < (2 ||a+||^ C{a) + \\h\\J h.f, + H/IL 

<{2\\a+\\^C{a) + \\h\\Jll + \\f\\^l,. 

So {uq)^ is a bounded sequence in -Consequently Uq ^ v weakly in iJ2, 
up to a subsequence, we have 

Uq V strongly in L^{M) for s < N 

Vuq —>■ Vv strongly in 

Uq{x) v{x) for a.e. x G M. 
On the other hand for any q G ]2, N[, Uq satisfies, for any ip e H2 

/ AuqAifdVg — / aV^UqWiifdvg + / huqtpdvg 
Jm Jm Jm 

= I / fM~'^Uq ipdVg 
^ JM 

and since the convergence of {uq)q is weak in H2, it follows that for any 

/ AuqAipdvg — / aV^UqV ii-pdvg + / huqipdvg 
Jm Jm Jm 

(16) / AvAipdvg — / aV^vV ii~p)dvg + / hv(pdvg . 

Jm Jm Jm 

Moreover since Uq{x) — > v{x) for a.e. x E M and (uq) is bounded in H2 we 
have 

Uq{x) \uq{x)\'^~'^ u{x) \u{x)\^~'^ for a.e. x G M 

and 

19-2 



Uq \Uq^ 



consequently (uq) is bounded in L n and by a well known theorem([l]) Uq 

N—l 

converges weakly to v in L n . Now for any ip E H2 C L]\f, and any smooth 

N-l 

function f, ftp e Ln ( the dual space of L_n_), then 

N-l 

(17) / f \Uq\'^~^ UqifdVg ^ / f\v\'^~^VipdVg. 

Jm Jm 



1 



So by (16) and (17) u = (y) f is a weak solution of the critical equa- 
tion which is a negative minimum of the energy functional F/v that is 
/ijv = It remains to check that u ^ 0. Suppose that u = 0, then 
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for any e > , < e for any q close to N. Let k with < A; < 



mm 



2b max3;gM h{x) 



, then 



I Mo I ^ ^ / fdvg — fc 9 / hdvg 
Jm Jm 

- ( 1—- A 
> k'l \k 1 min fix) — max^(x) > 
V xeM''^ ' xeM ^ ') 



Consequently 



e>ki [k^ 1 min Hx) — max/i(x' 



- 1—- 4 

> —k'i min f(x)(k " + kn) > —A; min f(x) = a > 

a contradiction. By the bootstrap method (see [12]), we get that u is of 
class C^'° for some a G (0, 1). □ 

5. Multiplicity of solutions in the subcritical case 

First, we show that Fq, q G ]2, A''[ satisfies the Palais-Smale condition. 

Lemma 9. Let c be a real nvmher, then each Palais-Smale sequence at 
level c for the functional Fq satisfies the Palais -Smale condition. 

Proof. First, we show that each Palais-Smale sequence is bounded: we 
argue by contradiction. Suppose that there exists a sequence {uj) such that 
Fq{uj) tends to a finite limit c, Fq{uj) goes to zero and uj to infinite in the 
i72-norm. More explicitly we have 

/ ( (Auj)^ — a \Vujf + hUj ) dvg —If dvg — c 
Jm^ ^ J m 

and for each v G H2 

/ {{VAuj,Vv) + a {Vuj,Vv) + hu'j) dvg - ^ f vdvg 

Jm ^ Jm 

so for any e > there exists a positive integer N such that for every j > N 
we have 



J (^{Auj)"^ - a \ Vuj\^ + huj^ dvg - J f \u\'j dvg 



< £ 



and 



/ {{VAuj, Vv) - a (Vuj, Vv) + hUj) dvg - ^ f ^ vdv^ 
Jm ^ Jm 

In the particular case where v = Uj, we get 



< e. 



f ({Auj)^ - a |V^x,f + hu]) dvg-lj f \u\) dv, 
Jm ^ ^ Jm 



< e. 
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Then, we obtain 



(18) 
and 
(19) 



{q — 2) / (Auj)^ — a\Vujf + hujdvg — qc 
Jm 



<{q + 2)e 



M 



fu] - 2c 



< Ae. 



By Lemma6, we can choose k to be an L^— norm such that 

inf Fq{u) > 0. 



A- 



1 ^ . 

Letting Vj = ki i. j, , we obtain from (18) and (19) that 



(20) 
and 



iq-2) [ fv]dv, 
Jm 



2ck'i 



\u 



■3\\q 



< 4e- 



ki 



2 • 

9 



{q-2) j (At; 



■jj^ — a \ Vvjf + hv^dvg — qc- 



2 

ki 



U-j 



(21) 



< (g + 2)e- 



2 

ki 
\u-i\\ 



Now since ||fj||g is a bounded sequence, it follows by (21) that (vj) is 
bounded in H2. If \\uj\\^ goes to infinity, it follows from (20) and (21) that 
Fq{vj) goes to zero. And since WvjW^ = k, we have 



so 



inf F,(n)<F,(^,: 

\\u\\l=k 



inf Fg{u) < 0. 



Hence a contradiction. Then the sequence {uj) is bounded in H2. Since 
q < N, the Sobolev injections are compact. Consequently the Palais-Smale 
condition is satisfied. □ 

Proposition 4. Let a, h be C°° functions on M with f negative. For 
every C°° function, f on M with /~ > 0, there exists a constant C > 

which depends only on j-pr such that if f satisfies the following conditions 



(i) \h{x)\<Xf 
^ < c 
{Hi) sup / > 0, 



for any x £ M 



20 



MOHAMMED BENALILI 



then the subcritical equation 

A^u + V'{aViu) +hu = f Inj""^ u, g G ]2, N[ 

admits a nontrivial solution of class C^'", for some a € (0, l),with positive 
energy. 

Proof. Mimicking which is done in ([11]), let lo be an L^-norm such 
that fii g is a maximum and li, I2 two L*-norms such that fj,i^ g = fj,i^ g = 
with li < lo and I2 > lo- 

Set 

r = {7 G C ([0, 1] , H2) : 7(0) = ui,,g,j{l) = ui,,g} , 

and 

Ua = inf max Fg H(t)) . 
^ 7Grte[o,i] ''^'^^^ 

Arguing as in ([11]), we show that Ug is a critical level of the functional 
Fq and Vg > /X; ^ > 0. Consequently the subcritical equation(2) admits a 
weak solution of positive energy. This solution is in fact of class C^'" with 
aG(0,l). □ 

Now, by propositions (3) and (4) we obtain 

Theorem 6. Let a, h be C°° functions on M with h negative. For 
every function, f on M with jj^ f^ > 0, there exists a constant C > 

which depends only on -j-p^ such that if f satisfies the following conditions 

(i) \h{x)\ < Xf for any x € M 

{it) jf<C 

(Hi) sup / > 0, 
then the subcritical equation 

A^ii + V\aV^u) + hu = f Inl""^ u, q£ ]2, N[ 
has two distinct solutions of class C'^'", for some a € (0, 1). 
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